ABSTRACT. We construct a filtration of chiral Hodge cohomolgy of a K3 surface X, such that its associated graded object is a unitary representation of the N=4 vertex algebra with central charge 6 and its subspace of primitive vectors has the property: its equivariant character for a symplectic automorphisms g of X is agree with the McKay-Thompson series for g in Mathieu moonshine.
INTRODUCTION
In 2010, Eguchi, Ooguri and Tachikawa [9] observed that when the elliptic genus of a K3 surface, the Jacobi form 2φ 0,1 (z; τ ) of weight 0 and index 1, is decomposed into a sum of the characters of the N = 4 superconformal algebra with central charge c = 6, (1.1) 2φ 0,1 (z; τ ) = −2chR 1, A n q n ).
It is a mock modular form of weight q n Trace Kn g = e(g) 24 Σ e (q) − f g η(q) 3 where Σ e (q) = Σ(q), e(g) is the character of the 24-dimensional permutation representation of M 24 , the series f g is a certain explicit modular form of weight 2 for some subgroup Γ 0 (N g ) of SL(2, Z) and η is the Dedekind eta function. Σ g (q) satisfies the Rademacher sum property, which is equivariant to the principal modulus property of the MonstrousMcKayThompson series. Terry Gannon [12] has proven that these McKay-Thompson series indeed determine a M 24 -module: Theorem 1.1 (Gannon) . The McKay-Thompson series as in [8] [13] determine a virtual graded 
They also showed that the complex elliptic genus of a K3 surface can be given the structure of a virtual M 24 -module which is compatible with the H-module structure for all possible groups H of symplectic automorphisms of K3 surfaces under restriction.
In this work, we will construct a graded vector space from the chiral Hodge cohomology of the K3 surface with graded dimension Σ(q) + 2q
Let X be a complex manifold. In [18] 
by fermionic number p and conformal weight k. And the weight zero piece coincides with the ordinary de Rham sheaf. This construction has substantial applications to mirror symmetry and is related to stringy invariants of X such as the elliptic genus [2] . According to [16] , If X is a Calabi-Yau manifold, its cohomology, called chiral Hodge cohomology H * (X, Ω ch X ), can be identified with the infinite-volume limit of the half-twisted sigma model defined by E. Witten.
If X is a hyperKähler manifold, we will show that
is a unitary representation of the N=4 vertex algebra with central charge 3 dim X( Theorem 3.2).
If X is a K3 surface, let A 1 n,2 (X) be the space of the primitive vectors with conformal weight n in the unitary representation H 1 (X, Ω ch X ) of the N = 4 vertex algebra with central charge 6 . Let
In this paper, we will show
. For a finite symplectic automorphism g acting on a K3 surface X,
CHIRAL DE RHAM COMPLEX
The chiral de Rham algebra [18] [19] is a sheaf of vertex algebras Ω ch X defined on any complex manifold X. Let Ω N be the tensor product of N copies of the βγ − bc system. It has 2N even generators
. Their nontrivial OPEs are
can be regarded as a subspace of Ω N by identifying γ i with
with the vertex algebra structure).
Then Ω ch X (U) is the vertex algebra generated by
These generators satisfy the nontrivial OPEs
as well as the normally ordered relations
.
is spanned by the elements
is a free O(U) module (which is not compatible with the vertex algebra structure) with basis
The coordinate transfer equations for the generators of Ω ch X (U) are
, which is spanned by elements of (2.1)
The filtration is compatible with the grading of fermionic number and conformal weight. And restricted on Ω ch X [k, p], the filtration is finite. We have will not change and the number of ∂ s γ ′ s, s > 0 will not decrease by acting
is a vertex algebra with the circle product
given by
By Lemma 2.1, the circle product is well defined on gr(Ω ch X )(U) and for any f ∈ O(U),
is a free O(U) module under the wick product.
The nontrivial OPEs of these elements are
Let W be the vertex algebra generated by these elements, then gr(Ω Thus the vertex algebra sheaf Ω ch X has a filtration {Ω ch X,k }. Its associated graded object
is a sheaf of vertex algebra. Under the coordinate transfer (2.3),
So gr(Ω ch X ) is the sheaf of the sections of holomorphic vector bundle
. V is a holomorphic vector bundle of vertex algebra and its fibre is isomorphic to W. 
L (1) and J (0) give Ω ch X the the grading of conformal weights k and fermionic numbers p, respectively.
If X has a nowhere vanishing holomorphic volume form ω 0 . Let (U, γ) be a coordinate system of X such that ω 0 = dγ 1 · · · dγ N . There are two global sections D(z) and E(z) of Ω ch X , which can be constructed from ω 0 . Locally, D(z) and E(z) can be represented by
generate a vertex algebra V 0 . If N = 3, it is Odake's algebra [21] .
These eight elements are holomorphic sections of gr(Ω ch X ). They generate a vertex algebra which is isomorphic to V 0 .
If X is a hyperKähler manifold with holomorphic symplectic form ω 1 , let ω −1 1 be the inverse bivector of ω 1 . Locally, it is given by ω 1 = ω ij dγ i ∧ dγ j and ω
Q, J, L, G, E 1 , D 1 , B 1 , C 1 are global sections of Ω ch X and they generate a copy of N = 4 super conformal vertex algebra V 1 of central charge c = 3 dim X [22] . V 0 is a sub vertex algebra
They generate a copy of N = 4 vertex algebra which is isomorphic to V 1 . 
UNITARY
Since B (0) = 0 (equation (2.5)), we have 
If X has a nonvanishing holomorphic volume form,
If X is a a hyperKähler manifold,
) is a unitary representation of V 1 with
A filtration of chiral Hodge cohomology. Let
be the imbedding, which induces the morphism of their cohomology
is a unitary representation of the N = 2 super conformal vertex algebra with central charge 3 dim X; if X has a nonvanishing holomorphic volume form,
is a unitary representation of the N=4 vertex algebra V 1 with central charge 3 dim X.
Proof. Assume X is a hyperKähler manifold. k Ω ch X,k has a V 1 module structure given by
The exact sequences of sheaves
gives an exact sequence of V 1 modules
Which induces a long exact sequence of V 1 modules
We have an imbedding of V 1 modules
) is a unitary representation of the vertex algebra V 1 , since by Lemma 3.1,
k Ω ch X has a V 1 module structure, which is similar to the V 1 module structure of k Ω ch X,k . Under these V 1 module structure,
is a morphism of V 1 module. We get a morphism of V 1 module
By the definition of H
The proofs for the other two cases are similar.
For the rest of the paper, we assume X is a hyperKähler manilfold. By Theorem 3.2, 
There exist two types of representations in the N = 4 vertex algebra [10] [11], massless
) representations. The character of a representation V of the N = 4 vertex algebra for Ramond sectors is defined by
and
where q = e 2πiτ , y = e 2πiz . Let chR k,h,l (z; τ ) be the character of the representation M k,h,l .
Let A 
The complex elliptic genus. For a holomorphic vector bundle E on X, its Euler charac-
By [3] or by the long exact sequence (3.3), it is equal to the graded dimension of the cohomology of the chiral de Rham algebra of X, i,e
If g is an automorphism of the holomorphic vector bundle E, let
For an automorphism g of X, by the long exact sequence (3.3), the equivariant elliptic genus of X is
It is equal to
A complex automorphism g of the hyperKähler manifold X is called symplectic if it preserve the holomorphic symplectic 2-form ω 1 , i.e. g * ω 1 = ω 1 . If g is symplectic automorphism, from the definition of the eight generators of V 1 , the elements of V 1 are g invariant. So g acts on A i n,l+k (X). We have 
